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Abstract 

We consider the quantum mechanics of an electron confined to move on an infinite cylinder in 
the presence of a uniform radial magnetic field. This problem is in certain ways very similar to the 
corresponding problem on the infinite plane. Unlike the plane however, the group of symmetries 
of the magnetic field, namely, rotations about the axis and the axial translations, is not realized 
by the quantum electron but only a subgroup comprising rotations and discrete translations along 
the axial direction, is. The basic step size of discrete translations is such that the flux through the 
'unit cylinder cell' is quantized in units of the flux quantum. The result is derived in two different 
ways: using the condition of projective realization of symmetry groups and using the more familiar 
approach of determining the symmetries of a given Hamiltonian. 
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I. INTRODUCTION 



The classic 'Landau electron' problem deals with the quantum mechanics of an electron 
on an infinite plane with a uniform magnetic field perpendicular to the plane. It has been 
thoroughly studied for decades and is the basis for many experimental investigations notably 
in the context of the Hall effect. Apart from its practical relevance, it also exhibits many 
theoretically interesting features. It is exactly solvable with a simple spectrum for the Hamil- 
tonian; it has infinite degeneracy for all energy eigenvalues; this degeneracy is organized in 
an irreducible representation of a Heisenberg group and so on. Interestingly the Heisenberg 
group arises as the central extension of the translation subgroup of the symmetry group 
of the plane by the U(l) group of phases, the central extension being determined by the 
magnetic field. This is also a dramatic illustration of the Wigner theorem jl| namely, that 
symmetries are realized projectively in quantum mechanics i.e. the quantum state space 
carries a projective unitary representation (PUR) of a symmetry group. It is dramatic in 
the sense that a free particle on the plane realizes the translation symmetry by a unitary 
representation (UR) but if it is charged, the presence of a uniform magnetic field forces a 
non-trivial projective realization. 

In this work we consider a variant of the Landau electron problem by replacing the infinite 
plane by an infinite cylinder. The magnetic field is again uniform and perpendicular to the 
surface of the cylinder, i.e. is radially directed and constant in magnitude. This is again 
exactly solvable and displays the classic features of the planar case but with an interesting 
twist. The invariance of the magnetic field under continuous translations along the axial 
direction cannot be realized by the quantum electron. However, a discrete subgroup is realized 
as a symmetry. The basic reason for this is that there are simply no non-trivial, continuous, 
projective, unitary representations of the cylinder group, SO (2) x K. Its subgroup SO (2) x Z 
however does have such (infinite dimensional) representations with properties analogous to 
the planar case. The step size of the discrete translation is controlled by the magnetic field so 
as to make the flux through the 'unit cylinder cell' an integral multiple of the flux quantum. 

The surprising nature of the result prompted us to reanalyze the problem using the usual 
methods based on a Hamiltonian involving the gauge potential explicitly and looking for its 
symmetries. The same result, including the condition on the step size, is obtained again. 
The mechanism is a subtle interplay of gauge invariance and the definition of symmetry in 
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the context of external gauge potentials. The non-contractible nature of the cylinder implies 
that there is a 1-parameter family of gauge-equivalence classes, all giving the same magnetic 
field. Within each class, only the discrete subgroup of the cylinder group acts as a symmetry 
group. 

We would like to clarify at the outset our approach. It is well known that when the 
configuration space of a system is topologically non-trivial (non-contractible), there is no 
unique quantization procedure for that classical system [2|. Many of these are usually in the 
canonical approach based on the classical phase space. In this paper however our approach 
is somewhat different. 

We identify a group of symmetries of the configuration space which we expect to be 
realized in the state space whatever be the quantization procedure adopted. The symmetry 
realization must be via a PUR (equivalently by a UR of a suitable central extension) thanks 
to Wigner's theorem. If the centrally extended group happens to be a 'Heisenberg group' i.e. 
has a unique (up to unitary equivalence) unitary, irreducible representation, then different 
quantizations can at most differ in the multiplicities (reflected in the degeneracies of the 
energy spectrum). 

It will turn out that the expected symmetry group of the configuration space (the cylin- 
der), namely the cylinder group has no continuous PURs and thus there cannot be any 
quantization which will realize the symmetry. However, we will find that its subgroup, 
50(2) x Z, can be admitted as the symmetry group and exhibit a quantum state space 
which does so together with the dynamics. 

The important physical implication is that in this system the electron will have only the 
reduced symmetry of discrete axial translations. 

The paper is organized is follows. 

In section II, we present the analysis based on the PUR's of symmetry groups. This is 
divided in five subsections. After describing the symmetry based approach we recall some 
basic facts from projective unitary representations of Abelian groups and their relation to 
the unitary representations of their central extensions by U(l) in subsection A. The approach 
is illustrated for the familiar planar Landau electron problem, in subsection B. The non- 
existence of PUR's of the cylinder group is discussed next in subsection C. In subsection D, 
the PUR's of the subgroup of the cylinder group, appropriate for discrete axial translations, 
are obtained. In subsection E, the wave function representation together with the projective 
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action are detailed. The form of the invariant Hamiltonian is also derived here. 

In section III, we carry out the analysis beginning with the Hamiltonian of the system. 
This is divided in four subsections. In subsection A, we note the key points which lead to 
the result and specify the class of wavefunctions and the (gauge dependent) Hamiltonian. 
In subsection B, we specify the gauge transformation, parameterize the gauge potentials 
giving the same magnetic field and classify them into gauge equivalence classes using the 
notion of holonomy of gauge potentials. This is followed by the definition of symmetry 
transformations in this context in subsection C. Here, the classification of gauge potentials 
is used to deduce that only transformations corresponding to the discrete subgroup of the 
cylinder group qualify to be termed symmetry transformations. The apparent reduction of 
symmetry is manifested at this stage itself. In the last subsection D, the spectrum of the 
Hamiltonian and unitary operators implementing the symmetries are presented and shown 
to reproduce the results from section II. 

Section IV contains concluding remarks. 



II. THE SYMMETRY APPROACH 



The approach taken in this section can be described as constructing a quantum sys- 
tem as realizing certain natural symmetry groups. The approach begins by specifying a 
configuration space for a given system and choosing a group, G, of transformations of the 
configuration space as the group of symmetries of the system. Quite generally, symmetry 
groups are realized in a quantum framework as projective, unitary representations (PUR), 
unitary representations being a special (trivial) case of these. This follows from the superpo- 
sition principle via the Wigner theorem Q on symmetries. Mathematically, such projective 
representations can be obtained as ordinary unitary representations of suitable central ex- 
tensions G of G. The statement that G is a symmetry group of the system entails the 
existence of a family of Hamiltonians, one for each equivalence class of central extensions, 
and invariant under the action of that particular extension Q]. 

For example, let the physical system be a charged particle moving in a plane in the 
presence of a uniform magnetic field of strength B, perpendicular to the plane. The obvious 
symmetries of the system form the Euclidean group, E2, the semi-direct product of the 
rotation group SO(2) and the plane translation group, T. Its unitary representation in the 
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Hilbert space L 2 (R 2 ) of square integrable complex functions on the plane accounts for the 
free particle case (B = 0) while its non-trivial PUR's account for the non-zero magnetic 
field case. Since we will use this approach to consider electron on a cylinder, we will first 
discuss briefly the usual Landau problem from the symmetry point of view. It turns out 
that for the classification of the PURs of E 2 , it is sufficient to concentrate on the subgroup 
of translations, T. 

A. Preliminaries 

Let us briefly recall some basic definitions and facts about PURs and central extensions 
of a general Abelian group, G. In the following, the group multiplication in G is denoted 
additively. 

A PUR of G is a UR up to a phase i.e. if U is a PUR of G, then U(g)U(h) = 7(5-, h)U(g + 
h) Vp, h G G, where 7(0, h) is a 2-cocycle, namely, a complex valued function with absolute 
value 1, satisfying certain conditions. If 7 is of the form j(g, h) = S(g)5(h)5(g + h)' 1 with 
S mapping the group elements to complex numbers of modulus 1, then it is a coboundary 
and the corresponding PUR is a UR of G. 

PURs of G are more conveniently described in terms of the so-called group commutator 
oiU(g) and U(h), 

c(g,h) := U{c,)U{h)U(g)- x U{h)- x = y(g, h)j{h, g)~ x , Wg, h G G. (1) 

We shall call c the commutator function onGxG corresponding to the PUR U. The 
definition of a PUR implies that c satisfies: 

c(g + h,k) = c(g,k)c(h,k) , c(g,h + k) = c(g,h)c(g,k) , c(g,h)c(h,g) = 1. (2) 

The functions c on G x G satisfying (J2J) characterize fully equivalence classes of PURs of 
G: the identity function c = 1 corresponds to the class of trivial PURs, namely the URs of 
G and the commutator function is unchanged when a 2-cocycle is modified by a coboundary. 
When G is a Lie group and the PUR is a continuous one (the only case of relevance here) 
one can write 

c(g, h) = e ia(9 ' h) (3) 

where a is a real valued, continuous, bilinear, antisymmetric function of its arguments. To 
find all PURs of G one needs to obtain all such a's and find continuous maps U from G 
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into unitary operators on some Hilbert space TC satisfying (JIJ for each a. If there are no 
non-zero (mod 27r) a's, then G has no non-trivial PURs. 

As a general example and one which we will use here, take G to be the direct product 
of an Abelian group A and its group of irreducible characters (its Pontryagin dual), A* i.e. 
G = A x A*. Given any two characters x-> °f A define 

c( (g, x) , {h, 0) ) := X~\h)<P{g) V (g, X ), {K <P)eAxA*. (4) 

It is easy to see that this function defines a commutator function for G. Thus every pair 
of characters of A defines a class of PURs of A x A*. 

Fix a c = e™ corresponding to a PUR of a general Abelian group, G and consider the set 
of ordered pairs (g, s) of elements of G and U(l). Define the composition law, 

(g, s) ■ (h, t) := (g + h, e i/3{9 ' h) st) , such that a(g, h) = f3(g, h) - p(h, g). (5) 

From Eq.flf . we can write a cocycle corresponding to c as "f(g,h) = e tl3 ^ 9 ' h \ But (3 is 
not uniquely defined by (jSJ). In many (but not all ^j]) cases, we can choose (3 itself to be 
antisymmetric: (3 = |a, which is a canonical choice. In the physical context, this will be 
seen to correspond to working in the symmetric gauge. We will see in section Hi El that this 
canonical choice is impossible for the periodic cylinder forcing us to work in a Landau-like 
gauge. 

It follows that this composition makes the set of ordered pairs into a (non- Abelian) group 
which is denoted as G x c U(l) or G c . This group has U(l) as a central subgroup such that 
G c /U(l) ~ G: it is a central extension of G by U(l). If and only if , c = 1 identically, the 
corresponding central extension is trivial, i.e. ~ G x U(l) and G is a subgroup of G c . It is 
easy to verify that the group commutator in G c is given by, 

(g,s)-(h,t)-(g,s)- 1 -(h,t)- 1 = (0,c(g,h)) (6) 

independent of s, t, and so determines a commutator function on G. 

Now consider a unitary representation U of G c such that U(0, s) = s. Then it follows 
that 

U{g, s)U{h, t)U(g, s^U^ ty 1 = c{g, h). (7) 

In particular, U(g) := U(g, 1) is a PUR of G corresponding to the commutator function 
c. The important result is that every PUR of G arises this way from a UR of one of its 



central extensions. For further details we refer the reader to One physically significant 
consequence of these facts is that the group that acts linearly (unitarily) on the Hilbert space 
of a system having symmetry group G is, in general, not G itself but some central extension 
G of G by £7(1). 

B. The Landau electron 

We expect the symmetry group of a charged particle moving on the plane with a uniform 
magnetic field B, perpendicular to it to be the Euclidean group, E 2 . To apply the general 
procedure outlined above to this case, we note that central extensions of E 2 are completely 
determined by those of its translation subgroup Tp. T is the group of two dimensional 
vectors, x,y,---, under addition. It is also the configuration space of the particle. A general 
real, bilinear, antisymmetric function of x, y is clearly of the form: 

ax(x,y) = \x Ay := A(xiy 2 - x 2 yi) (8) 

where A is any real number. It is easy to see that when the group commutator defined by the 
extension T A is specialized to group elements close to the identity, one gets the Lie algebra 
bracket among the generators (Pi, P 2 forming the basis of the Lie algebra) of T\ as: 

[Pi,P 2 ]=iA. (9) 

Note that T\ has one extra generator (corresponding to the £7(1)) which commutes with 
the remaining generators and can be taken to be the identity operator in any irreducible UR, 
£7 of interest, since £7(0, s) = s. This is suppressed in the equations. A non-zero A labels 
equivalence classes of non-trivial PURs of the translation subgroup while A = corresponds 
to the URs. As stated earlier, every central extension T\ extends to a central extension 
of the Euclidean group and all central extensions of E 2 arise this way. Ta^o is the familiar 
Heisenberg group as is apparent from the commutator between Pj. As is well known, this has 
a unique (up to unitary equivalence), continuous, irreducible, infinite dimensional, unitary 
representation. The most familiar concrete form of this UR, from the quantum mechanics 
of a particle in one dimension, is on L 2 (R). 

Since our configuration space is M 2 , we are interested in the UR of T\ on L 2 (M. 2 ) and this 
UR, called the wave function UR, is not irreducible. Again the general theory p] implies 
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that this particular representation is precisely characterized as the unique, irreducible UR 
of T\ x T_a- Equivalently, L 2 (IR 2 ) ~ Va <8> V_a where V±a are the representation spaces of 
the irreducible URs of T±\. Explicitly, the wave function representation is obtained as, 

{W x {x, y)ip) (w) := e^^-y^^w + x + y). (10) 

Here (x, 1) G M 2 x A U(l), (y, 1) G M 2 x_ A U(l) and w G M 2 and verification is a matter of 
simple algebra. 

In the present subsection, we have adopted the canonical choice of the cocycle (3 = \a. 
For the real Heisenberg group, this is always possible. When the identification with the 
plane Landau problem is made, a choice of the cocycle is the same as fixing the gauge. The 
above canonical choice corresponds to the symmetric gauge. Thus ip in (JTUJl is a symmetric 
gauge wavef unction. 

This completes the description of the kinematics of the projectively realized translation 
symmetry of a particle in M. 2 , namely, the specification of the state space 7i\ = L 2 (M. 2 ) and 
the action of the symmetry group on it via an irreducible UR of T\ x T_\. We emphasize 
that the symmetry group gives rise to a central extension T\ acting unitarily on Va while 
the second factor T_ A keeps track of the multiplicity of the irreducible UR of T A in the state 
space H\. 

To specify dynamics, we need to pick an operator H\ on 7i\, the Hamiltonian, which is 
invariant under the action of T\ (but not under the action of T_a). From the commutation 
relations between the momenta P$, it is clear that no polynomial in these can be so invariant 
and hence the Hamiltonian cannot be a polynomial in Pf, the Hamiltonian must be an 
operator of the form 1 ® O. We have however the position operators Xi, X 2 on the Hilbert 
space. Consider the following combinations (we have set h — 1): 

K x := P x - XX 2 , K 2 :=P 2 + \X 1 . (11) 

These satisfy, 

[K 1} K 2 \ = -i\ , [K h X,} = -iS i:i , [K h Pj\ = 0. (12) 

So Ki form a basis for the Lie algebra of T_a and hence map V-\ to itself. Since the actions 
of Pi and Ki commute in TC\, a polynomial in K t is a candidate for a Hamiltonian. A simple 
choice, consistent with the rotational symmetry is: 

H X :=^(K 2 1+ K 2 2 ). (13) 
8 



This immediately leads to, 



Vi-. 



i[H x ,Xi] 



Ki/m , 



(14) 



dt 



d 2 Xi 



i[H x ,Ki] = -XeijKj . 



(15) 



m 



dt 2 



Thus K{, which is not the momentum, is actually proportional to the velocity. Identifying 
A = eB, we see that the Hamiltonian is exactly that for a charged particle in a plane with a 
uniform magnetic field perpendicular to the plane. The commutation relations between the 
velocity operators, Ki, lead to the usual spectrum of the Landau problem with dim(VA) = oo 
as the degeneracy. The usual degeneracy is thus manifestly a consequence of the translation 
symmetry which is however realized projectively. 

We also note here the physical meaning of the commutator function: 



where $(x, y) is the flux of B through the parallelogram of sides x, y and $o = — is th e 
value of the flux quantum. 

This demonstrates that the translation symmetric quantum mechanics of a particle in the 
plane covers not only free motion (A = 0) but also the Landau electron (A = eB). The belief 
that the fundamental physical quantity is the field itself - which is translationally invariant - 
rather than the vector potential - which is not invariant - is thereby vindicated. Gauges and 
gauge transformations turn out to be artifacts of the many equivalent ways of choosing the 
2-cocycle and of constructing the unique irreducible URs of T\ j5j and can be very naturally 
accommodated. 

Our treatment of the particle on a cylinder from both the representation theoretic and 
the 'geometric' viewpoint will highlight the care needed in dealing with a topologically 
nontrivial configuration space. Once that is done, both approaches will lead to exactly the 
same conclusions. 

C. Magnetic field on a cylinder 

We now attempt to carry over the representation-theoretic method to the motion of a 
charged particle on the surface of an infinite cylinder S 1 x R in the presence of a uniform, 
radial magnetic field, B. The physical realization of such a magnetic field is of no concern 




(16) 
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to us here. The group of symmetry transformations, called the cylinder group, is C := 
50(2) x R. Topologically, 5*0(2) is of course 5 1 . For clarity we denote the circle as a 
manifold by 5 1 , as a transformation group by 50(2) and as the multiplicative group of 
phases by U(l), as we have already done. The magnetic field of course does not break the 
symmetry under C. 

If the corresponding quantum theory can be fully formulated in terms of B, without 
invoking a vector potential, then we expect it to be describable, exactly as before, by con- 
tinuous PURs of the cylinder group. If not, then the symmetry under C is necessarily 
broken. 

The striking fact is that the cylinder group has no continuous, nontrivial, PURs at all! 
This follows directly from the general form of the commutator function, c(g, h), given in Q. 
Denoting a group element in C as a pair (6,rj) with 9 G 50(2) and rj G R, the commutator 
functions of C must be of the form e lX ( er i'~9'v) _ The only way this can be invariant under the 
27r periodicity of the angles 9, 9' for all 77, r{ is if A is zero. 

It is to be stressed that if we were to replace the cylinder group C by its universal covering 
group C ~ R 2 , or look only at its Lie algebra (also R 2 ), this negative result no longer holds. 
Effectively, such a replacement amounts to replacing the configuration space 5 1 x R by R 2 
and this is unjustified. Indeed, it is the nontrivial topology of the cylinder group which 
in turn is dictated by the topology of the configuration space that is responsible for the 
non-existence of nontrivial PURs of C . The true symmetry group of the cylinder is C and 
not C. The question of when a symmetry group can be replaced by its universal cover for 
quantum mechanical purposes is discussed at length in jsj. 

Physically this means that there is no way of constructing quantum mechanics of a charged 
particle on a cylinder in the presence of a uniform radial magnetic field if the state space is to 
carry a PUR of the translation group C of the cylinder. This is a rather strong conclusion as 
it does not depend on any a priori assumptions about the details of the function space (with 
suitable boundary conditions) to serve as the state space, leave alone the specific choice of 
the Hamiltonian as an operator on that space. It does not negate the value of a formulation 
of the theory depending essentially on the vector potential, but we should not then expect to 
fully implement the translation invariance. In the next section a treatment based on vector 
potential will be presented with essentially the same conclusion, that the full translation 
symmetry is not possible. 



10 



We have already noted that infinitesimal translations, encoded in the Lie algebra of C, 
and hence not distinguishing between the cylinder and the plane, do have non-trivial PURs. 
This has a useful consequence. We can "integrate" a PUR of C along any curve which 
does not fully wind around the cylinder. More precisely, consider a contractible region D 
of 5 1 x M. Suppose D contains the 'rectangle' with vertices at (0, 0), (9, 0), (9, rj) and (0, 77). 
Then from the Lie algebra central extension 

[P ,Pr,)=i\, (17) 

we have the group commutator, 

e i6Pg e irjP v e -i9Pe & -iv p v — e iX9r l _ (]_g) 

If we apply a uniform radial magnetic field to a particle moving in D, then its momentum 
will satisfy these equations with the identification A = eB, exactly as in the case of the plane 
eq. ()16|) . Hence, locally within D, we have the old relationship 

where <&{9,rj) is the flux through the rectangle and $0 is the flux quantum. This will break 
down as soon as D (and the rectangle in it) becomes non-contractible. 



D. The Periodic cylinder 

While the cylinder group has no nontrivial PURs, it has a subgroup which does. One 
can apply our methods to specify the state space and the dynamics of the Landau electron 
having the reduced symmetry of the subgroup. 

The key fact is that the subgroup Ci := 5*0(2) x Z of C, has the structure A x A*. 
This is because the group of characters of 5*0(2) is Z and vice versa, i.e. 50(2)* = Z and 
Z* = 50(2). From the general theory summarized in III A[ C% has a Heisenberg central 
extension given by the commutator function, 

c„( (0, m), (0', m') ) := e i ^ m '<t>-^') , (20) 

where v is an integer since <fi is an angle. 

Physically one may imagine reducing C to Ci by applying a periodic potential V, along 
the axial direction: V is independent of <fi and V(r) +£) — V(rf) for a fixed £ which we take 
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to be 1. Such a potential will have to be added to the Hamiltonian, but it can be taken to 
be arbitrarily small. Its only purpose here is to reduce the symmetry group. 

In looking for the quantum mechanical realization of the PURs of C% through a magnetic 
field B, it is to be expected that there may be restrictions on the possible values of B, arising 
from the quantization of the central charge v. This in fact is the case. From eq.(|2U|). we 
have the condition 



for the commutator of a translation through a period along the axis and by 2rc around the 
axis implying that v is an integer. But from the eq. (jl9|) . in the limit — > 2tc and r\ = 1, we 
also have 



where $ is the flux through a unit slice of the cylinder. We conclude: 

The periodic cylinder group G% = SO (2) x Z has a family of PURs labelled by integers, 

describing at least at the kinematical level, the quantum mechanics of a charged particle in a 

uniform radial magnetic field B if and only if B is such that the flux per slice is an integral 

multiple of the flux quantum. 

In this form the conclusion is dimension-free: it is independent of the radius of the cylinder 

and the period of the periodic potential. The corresponding central extensions C% x u U(l) 

are classified by the quantized values of the flux/slice. The only 'magnetic quantity' that 

enters in the description is the flux/slice and not B itself. 

E. Representations, wave functions, dynamics 

It is convenient to borrow from the mathematics literature the term "Heisenberg group" to 
designate a nontrivial central extension by U(l) of an Abelian group G having the structure 
A x A* [6]. The distinguishing feature of a Heisenberg group is the Stone- von Neumann 
property: all its continuous irreducible unitary representations are unitarily equivalent. The 
essentially unique irreducible UR can be concretely realized on L 2 functions on certain 
quotient groups of G (all of which are equivalent), in particular, on L 2 (A) and on L 2 (A*). 
The "original" Heisenberg group M. 2 X\ £7(1), A G K. provides a familiar illustration of all 
these properties. 



c((27r,0),(0,l)) = l 



(21) 



c v ((27r,0),(0,l)) = e' 




(22) 
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The centrally extended periodic cylinder group G% v := (SO (2) x Z) X U U (1) is a Heisenberg 
group and has equivalent irreducible URs on L 2 (5' 1 ) and L 2 (Z). 
On L 2 (S' 1 ), the action of C% v is given by 

{Ugx{e,0)f)(4>) := + 

(C/ 51 (O,m)/)(0) := c,((0,O),(O,m))/(0) = e^/(0). (23) 
Likewise, on L 2 (Z), the action of C% u is given by 

0)/) (n) := Q,((O,n),(0,O))/(n) = e"*"" , 
(Uz(Q,m)f)(n) := /(n + m) . (24) 

For the wave function representation, we look for representations of the symmetry group 
Czu on square integrable functions, or more generally on L 2 sections of a line bundle, on 
the configuration space S 1 x R. These are characterized by a quasi-periodicity parameter q 
defined as ip(6 + 2tt, y) = e 2mq ip(8, y) and the Hilbert space is denoted by 7Y„ := L 2 (S l x R). 
The UR W v of C% v is explicitly defined for a fixed q as: 

( W u ((j), m)ij) )(9, y) := e i(l/m ^^V(^ + <P, V + ™) . (25) 

The phase factor in (|2*3jl corresponds to a choice of cocycle which is not the canonical 
one. The reason is that the square root of the commutator function is not well defined on 
C . It is easily checked that this choice is compatible with the commutator function in fl20D . 
One can also see that W v (2tx,Q) = Id on the state space 7i u . This representation of C% v 
cannot be irreducible. 

Remarkably, this space 7i u also carries a UR, V_ u , of the real Heisenberg group corre- 
sponding to central charge —v. This is defined explicitly as: 

( V_„(£, ri)i> )(6, y) := e^(9 +t,y + r)). (26) 

Furthermore, the actions of the two groups commute. The phase factor in (|2fijl corre- 
sponds to a choice of cocycle which is also not the canonical one. It is for this choice that the 
two group actions commute. Once again, the commutator function given in (JSJ) is unchanged. 
These facts are easily checked. 

It follows from this that state space has the decomposition: 

H v = W„ ® (27) 
13 



where W v and V- v are representation spaces for W v and V- v respectively. 

For every fixed q, one also has the decomposition, L^S 1 x R) = L^(S r ) <8> L 2 (R). This 



fact together with eq.([27|) implies that Ti v is an irreducible UR of C% v x M?_ v , since each 
factor in the tensor product is irreducible under the corresponding subgroup. 

We emphasize that the first factor in the tensor product decomposition of the state space 
represents the symmetry group while the second factor represents the multiplicity of the 
representation. The second factor is where the dynamics will be defined. 

As before, the only operators invariant under the symmetry group G% v are of the form 
1 ® O and the correct invariant Hamiltonian is: 



with [Ki, K 2 ] = —iv = —ieB v and B v such that the flux 2ttB u = z/$ - Again, as before, one 
verifies that Ki are indeed the velocity operators. Strictly speaking we also have to add a 
periodic potential needed to reduce the symmetry group. The strength of this potential can 
be taken to be arbitrarily small so that it defines an "empty lattice" along the axis of the 
cylinder. 

In the empty lattice limit, the spectrum of the Hamiltonian is exactly as in the plane. 
This is not surprising since velocities are tangent to the cylinder and so are insensitive to 
whether one is working on the plane or the cylinder. The one difference is that not only is the 
energy quantized as a function of the magnetic field but the flux itself can only take allowed 
quantized values for which PURs of C% exist. Every energy eigenvalue has multiplicity 1 in 
V-v while W u accounts for the infinite degeneracy of the energy eigenvalues in the full state 
space, exactly as in the plane problem. 

III. THE HAMILTONIAN APPROACH 

In the previous section we saw the construction of the quantum mechanics (state space 
and dynamics) of a charged particle in a uniform magnetic field first on a plane and then on 
a cylinder. The distinctive feature of that approach was that a symmetry group was chosen 
a priori, as a group of transformations of the configuration space of the system under which 
the specification of the system was invariant, namely the Euclidean group in the case of 
the plane and the cylinder group, 50(2) x R, in the case of the cylinder. Although the 




(28) 
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system was 'obviously' invariant under these groups, surprisingly at the quantum level the 
symmetry was reduced to SO (2) x Z in the case of the cylinder while in the case of the 
plane, there was no such reduction of the symmetry. This followed from the non-existence 
of non-trivial, projective unitary representations of the cylinder group. In this analysis, 
the Hamiltonian played no explicit role and was in fact derived by demanding invariance 
under the symmetry action. There was no explicit introduction of a gauge potential, and 
the approach was manifestly gauge invariant. 

In this section we will arrive at the same conclusions using the more familiar approach in 
which the Hamiltonian is chosen to begin with and the corresponding admissible symmetries 
are deduced as a consequence. This will also serve to clarify the surprising nature of the 
result. In brief, it will turn out that, in a certain sense, the full cylinder symmetry was 
never there to begin with! We will concentrate only on the cylinder case with reference to 
the plane only for comparison. Throughout this section, physical units are used in order to 
highlight the points at which quantum considerations come into play. 

A. Key points and the basic set up 

It is worth keeping in mind the following three points to appreciate the steps of the 
arguments leading to the result. These points are elaborated further subsequently. 

(1) Since in the present approach, we begin with an a priori chosen classical Hamiltonian 
corresponding to the interaction of a charged particle with an external magnetic field, we 
will have to introduce a gauge potential to be able to write the Hamiltonian in a local form. 
The same of course is also true in a formulation based on an action principle. One then 
has the freedom to choose any of the gauge potentials which give the same magnetic field. 
While stipulating the class of transformations of the cylinder which qualify to be symmetries 
within the formulation, one has to pay attention to this freedom. 

(2) The topology of the cylinder implies that there are several gauge potentials, giving 
the same magnetic field, which however do not differ by the gradient of functions on the 
cylinder. These are classified further by the notion of 'holonomy equivalence'. It will turn 
out that there are infinitely many holonomy equivalence classes on the cylinder while there 
is only one such class on the plane. A complete gauge invariant specification of the system 
is made by giving a single holonomy equivalence class. 
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(3) At the quantum mechanical level, in the context of a Schrodinger like representation, 
the wave functions (sections of line bundles) have to be chosen to be quasi-periodic. As usual, 
functions of the coordinates will act by multiplication. To preserve the quasi-periodicity of 
the wave functions, such multiplicative operators must be single valued. In particular the 
gauge potentials must be single valued. 

The cylinder is taken to be coordinatized in the usual manner by the angular coordinate 
9 and the coordinate y along the axis. The corresponding conjugate momenta are p$,p y and 
the radius of the cylinder is R. The classical Hamiltonian is given by (we have chosen the 
units so that the speed of light in vacuum is 1), 

H(e,y, Pe , P ,;A(0, y) ) := <» ~ ffi* + ~ jr» (29) 

Quantum mechanically, this is to be represented by a self adjoint operator on a suitable 
Hilbert space, with the conjugate momenta acting as derivative operators and coordinates 
acting as multiplication operators. Explicitly, p y := —ihd y ,pg := —ihdg. To ensure that 
the momenta, in particular p e , are self adjoint, their domain must consist of wave functions 
ip(9,y) which are in general quasi-periodic: i/j(9 + 2n,y) = e 2mq vjj(9,y), where q is a real 
parameter in the interval [0, 1), specifying the quasi-periodicity. For the Hamiltonian to be 
a well defined operator on such quasi-periodic functions then, the gauge potential must be 
single valued as already remarked. 



B. Classification of gauge potentials 

Let us now turn to gauge transformations. Recall that the usual gauge transformations 
of the gauge potentials and the phase transformations of the quantum wave function are 
correlated in the following manner. Using the notation, g := e l ^ A , 

h 

:= gtp , A'j := gAjg- 1 + i-gdjg' 1 
{-ihdj - eA'j} $ = gi-ihdj -eAjjiP (30) 

The phase transformation g, also has to be single valued to preserve the quasi-periodicity 
of the wave functions. This also preserves the single valued nature of the gauge potential. 
Notice that if A is single valued, so is g but the converse is not true. For example g m (9, y) := 
e ime ^ m e Z, is single valued although A ~ 9 is not. Incidentally, these are the only phase 
transformations which are single valued without the corresponding exponent i|A being so. 
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It is convenient to use the differential form notation: A := A y dy + Agd6 , d := dyd y + 
d9dg , dA = (dgAy — d y A e )d9 A dy etc. In the present context of a uniform radial magnetic 
field of magnitude B, we have dA = BRdO A dy. 

In terms of this notation, two gauge potential 1-forms, A', A, are defined to be gauge 
equivalent if they are related by a gauge transformation, 

A' = A 9 := gAg- 1 +i^gdg~ 1 = A + i^gdg' 1 (31) 

for some smooth, single valued function g on the cylinder. It is immediate that the cor- 
responding magnetic field 2-forms, dA', dA are equal for all gauge equivalent potentials, 
expressing the gauge invariance of the magnetic field. Note that the converse need not 
be true i.e. we may have two gauge potentials giving the same magnetic field which are 
nonetheless not gauge equivalent. 

To see this, observe that the difference of any two gauge potentials giving the same 
magnetic field must be a closed 1-form. On the plane, it being contractible, every closed 
1-form is also exact i.e. it is the exterior derivative (or gradient) of some function A on the 
cylinder. It is obvious then that the two potentials are related by a gauge transformation. 
There is thus exactly one gauge equivalence class of the potential and it is characterized by 
the magnetic field. The situation on the cylinder is different. Every closed 1-form is not 
exact. Since the cylinder is simple enough we can write down the most general form of a 
gauge potential: 

A' = A + (d9 + dA ^ A' e = A + d A + ( , A' y = A y + d y A (32) 

Here ( is a real constant and A is of course a function on the cylinder which by definition 
is single valued. A convenient parameterization of all the gauge potentials giving the same 
magnetic field is then obtained by choosing A y = , Aq = —By so that, 

A c = ((-BRy)d6 + dA, dA c = B(Rd6Ady). (33) 

Note that A^ and A^'^ are not gauge equivalent on the cylinder since 9 is not a sin- 
gle valued function (or a 0-form) on the cylinder. Incidentally single valuedness of gauge 
transformation also implies that unlike the planar case, a 'symmetric' gauge for the gauge 
potential (A y = ^R9, A e = —^-Ry) is not possible. At this stage we have a 1-parameter fam- 
ily of gauge equivalence classes of the potentials, all giving the same magnetic field. Clearly, 
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unlike on the plane, the magnetic field alone does not constitute a complete characterization 
of a gauge equivalence class. 

However, it is well known that there is another way to classify gauge potentials using 
their holonomies (also known as exponentials of non-integrable phase factors j?J) along all 
closed curves (or loops for short). Since on a cylinder we do have non-contractible loops, 
those which wind around the cylinder, we do have a 'larger' class of holonomies compared 
to the planar case. 

The holonomy of a gauge potential (in the Abelian case) along a loop r is defined to be: 

.e 



h T (A) := exp ( i ^ 



l A ) (34) 



One can now define a holonomy equivalence relation on the set of gauge potentials. Two 
gauge potentials are said to be holonomically equivalent if their holonomies along all loops 
are equal. In the present context we will see explicitly that holonomy equivalence implies 
gauge equivalence and conversely. 

Using the parameterization of the gauge potential it is easy to see that 

h c T = expl^i (d6 + i^(-BR) jydQ + i^j dA 

= expli 27ru> r j exp { —i -z&t\ , (35) 



r j i h 

where w T is the number of times the loop r winds around the cylinder and w T = corresponds 
to a contractible loop. For a contractible loop, the second factor contains the flux of the 
magnetic field through the loop. The first factor contains the dependence on the parameter 
£ while the second one is common to all gauge potentials of eq.([33p and is manifestly gauge 
invariant. 

It follows immediately that 

= hi exp[i 6 -{C -C)2nw T } . (36) 

Clearly, for all contractible loops the holonomies of all are equal. For non-contractible 
loops though the holonomies are equal if and only if 

C = C + m(-) , meZ. (37) 



e t 

Now, if two gauge potentials are gauge equivalent, their difference is proportional to gdg~ x 
which is either an exact 1-form or is proportional to d9. In either case, their holonomies 
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along all loops are equal. Thus gauge equivalence implies holonomy equivalence. To prove 
the converse, we use the equation (|37j) and the parameterization in It then follows 

that we can first choose a g m = e imd to make the two £'s equal and then choose a A to 
make the two potentials equal. Thus we see that holonomy equivalence also implies gauge 
equivalence. From now on we will refer to them simply as gauge equivalence classes and 
denote them as [A**]: 

[A<] := {A^ I A c = (C ~ BRy)d6 + dA , C' = C + , m e Z} (38) 

The gauge equivalence classes of gauge potentials are thus labeled by a real number in 
the interval [0, -); shifting £ by an integer multiple of - keeps the gauge potential within 
the same gauge equivalence class. The holonomies are functions of the equivalence classes. 

C. Definition of symmetry transformations 

Having specified the quasi-periodicity properties of the wave functions, the action of gauge 
transformations on them and classified the gauge potentials, we now turn to the specification 
of the symmetry transformations. 

The classical equations of motion are of course manifestly gauge invariant. However, 
due to the explicit presence of the gauge potential, the Hamiltonian is manifestly gauge 
non-invariant. In the usual context of ordinary potentials, symmetry transformations are 
required to leave the Hamiltonian invariant. In the present context, we must allow the 
Hamiltonian to change while formulating the definition of a symmetry transformation. The 
allowed change in the Hamiltonian is not arbitrary but must be such that it can be com- 
pensated by a gauge transformation of the gauge potential. 

Thus we define symmetry transformations as those transformations of the configuration 
space which induce a gauge transformation on the gauge potential. 

This is physically reasonable, since gauge transformations will keep one in the same 
gauge-equivalence class of the potential signifying that the definition of symmetry is applied 
to gauge invariant specification of the system. If we insisted on the strict invariance of the 
Hamiltonian, then, on the plane also, there is no full translation symmetry when the potential 
is chosen in any fixed gauge: the identification of a symmetry will be gauge dependent. 

Let us now focus in particular on the translation symmetry along the y direction. Under 
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& = 



9 , y' = y + £, the gauge potential, being a 1-form, transforms as, 



dx j 



A^(e, y ) = A(e, y -e) . 



(39) 



Applying this to A — A^, one sees that 



A<(9,y-£) 




(40) 



Thus a translation along the y direction, changes the gauge equivalence class label from 
C to C + BR£. It is obvious now that unless £ is an integer multiple of translations 
along the y- direction are not a symmetry of the system. 

To summarize: the existence of gauge inequivalent potentials obstructs the continuous 
y-translation symmetry but within each gauge equivalence class there is a reduced symmetry 
of discrete y-translations with the step size given by ^J^. The loss of continuous symmetry is 
attributable to the non-availability of sufficiently many single valued gauge transformation 
(A(9,y) ~ 9 not allowed) while the survival of discrete y-translations is because of the 
availability of gauge transformations g(9,y) ~ e tmd . 

Several remarks are in order. 

(1) Notice that arbitrary y-translations change the gauge equivalence classes only for 
non-zero magnetic field. For the zero magnetic field therefore continuous y-translations are 
symmetries. In view of the fact that on non-contractible spaces the magnetic field alone 
does not constitute a complete gauge invariant specification but the holonomies do, it is 
important to note that the 'free particle' on a cylinder is to be defined by requiring all 
holonomies to be equal to 1. This in particular implies that the magnetic field must be zero 
and the parameter ( must also be zero so that the gauge potential is in the equivalence class 
of the 'zero' gauge potential. In this case of course the full symmetry group of the cylinder 
will be realized. We will deal only with non-zero B. 

(2) All of the discussion of the classification of (single valued) gauge potentials and sym- 
metries can be carried out at the purely classical level. There is a point about dimensions to 
be noted though. Mathematically, a gauge potential comes from a connection on a principal 
bundle and its holonomies lead to the holonomy equivalence classes. Its dimensions can 
be chosen to be [^ mathcmatlcal ] ^ so that the exponent in the definition of the holon- 
omy is dimensionless. In the mathematical definition of holonomy there is of course no 
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One can see easily that one still gets an equation similar to (J37j) . The subsequent analysis 
of y-translations leads to the same conclusion about the loss of continuous y-translation 
symmetry. In this way one can argue that even at the classical level, there is a loss of con- 
tinuous y-translation symmetry. One will still have the discrete translations as a symmetry, 
but the step size will not involve any h. In conventional (Gaussian for electromagnetism) 
units, £^4P h y sical has dimensions of M X L X T~ X . To define a holonomy of ^P h y sical ; definable 
for arbitrary configurations of sources, one must use a universal constant with dimensions 
M X I?T~ X . There is only one such fundamental constant which is h. Thus one identifies: 
^mathematical ._ _e_ ^physical _ Q ne geeg ^at in order that a physical vector potential exhibits 

the geometrical properties of a connection on a principal bundle, a quantum framework is 
essential. The step size thus has a quantum origin. 

(3) Note that at the classical level, one could conceivably allow non-single valued gauge 
potentials (since the potential plays only a local role). This will then also enlarge the class of 
gauge transformations. With this extended notion of gauge equivalence, one would obtain 
a single equivalence class of gauge potentials and consequently continuous y-translations 
would be admissible symmetry transformations. Quantum mechanically, we do not have 
this option. 

From now on we introduce \i : = ^jp = -J^ which is the magnetic flux per unit length 
of the cylinder in units of the flux quantum. The step size for discrete y-translations is 
then denoted by p~ x . In the light of the remark (1) above, we will also put £ = BRp for 
notational convenience and use p to label the gauge equivalence classes. 

D. Spectrum, wavefunctions and symmetry realization 

We now proceed to obtain, as in the case of the plane, the spectrum of states, their 
degeneracies and organization in terms of the symmetry group, 5*0(2) x Z. We will also see 
that the the symmetry group is represented projectively. 

Let us choose any one of the gauge equivalence class, labeled by p, and write the corre- 
sponding Hamiltonian in the usual manner. Introducing the notation: 

n y '■= Py ~ eA y Py '■= -iftdy > K '■= Pe ~ eA p e p e := -ihd e , (41) 
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it follows that 

[tt* tt£] = ihe(d e A p y - d y A p g ) = iheBR (42) 
The Hamiltonian is given by, 



7T; 



From these, it follows that the energy eigenvalues are f\w(N + |) with u; := |^ and JV, 
a non-negative integer. The eigenvalues are manifestly in terms of the magnetic field and 
are also independent of p labeling the gauge equivalence class. The degeneracy of all the 
eigenvalues is the same and is determined from the degeneracy of the ground state. 

The subspace of ground states is obtained by solving (Q p + iP p )fl p (9, y) = 0. The explicit, 
normalized solutions for the ground states are given by, 

^WM = ^= e^ e e-^-^\ for n G Z. (44) 

For a fixed q and p one does have infinite degeneracy labeled by n, just as in the case 
of the plane. Can we organize this degeneracy as a representation of the symmetry group 
SO{2) x Z? 

To check this we proceed as in the case of the plane. We look for operators of the form 

s e := K + a e(d,y) , 

:= ^ + a y {9, y) , (45) 

and require that these commute with the 7rf's. A quick calculation shows that ag(9,y) = 
—eBRy + Cg and a y (9,y) = eBR9 + C y , where Cg,C y are constants. The functions <7j 
must be single valued to preserve the quasi-periodicity of the wave functions. However u y 
is not a single valued function on the cylinder and consequently is not well defined as an 
operator. One thus has only one self adjoint generator Yf e = —ihdg — eBRp + Cg commuting 
with the Hamiltonian and consequently, only a one (continuous) parameter unitary group 
of symmetries is possible. It generates translations along the ^-direction. Infinitesimal 
translations along the ^-direction are not symmetries of the Hamiltonian for any choice of 
the gauge equivalence class. This manifests the loss of continuous y-translation symmetry. 

But although the function a y (9,y) = eBR9 + C y is not well defined on the cylinder, its 
exponential, e % ^° v is, provided ap £ Z. Therefore, finite translations are admissible and the 
symmetry group is SO (2) x Z, possibly projectively realized. 
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Define finite translations operators for G [0, 2tt) and a fx G Z: 

U p {<j>) : = e^ s « = e-^p-^e^o ? 

V^a) := = e -(^+%) e ^ , (46) 



so that 



{V p (a)^} (6, y) = e^ p9+ ^(8, y + a) . (47) 
It is easily verified that 

U p {<j>)V p {a) = e iap<i> V p (a)U p (0) , (48) 

and 

U p {<f))H p = H p U p {<f)) , 

V p {a)H p = H p V p {a) . (49) 

The equation (|48|) above shows that the symmetry group SO (2) x Z is projectively real- 
ized, independent of the choice of the constants Cg, C y and the choice of p (compare eq.pSJ)). 
The equations ()49j) are formally valid even without imposition of the condition aix G Z. As 



stated already in subsection III E[ the Hamiltonian cannot distinguish between the cylinder 
and its covering plane and so is insensitive to the discretizing condition. The requirement 
that V(a) respect the quasi-periodicity of the wave functions restricts a. 

Now the fact that the translations along the 9 directions form the group 50(2), re- 
quires that U p (27r) is the identity transformation. This together with the quasi-periodicity 
condition implies that Cg = h(/j,p — q) which fixes the definition of U p (<p) appropriate for 
quasi-periodicity parameter q. There is no such requirement for V p (a), so C y is arbitrary 
and we may take it to be zero for notational convenience. 

The action of the group on the states of eq. (jUj) is obtained as: 



u p {<j>)n p , n {e,y) = e-^+n^e + hy) = e in %, n (e, y ) , 

V p (kLi- 1 ){l p , n (6,y) = e^n^y + kfi- 1 ) = tt p , n+k (e,y) . (50) 

The functions f2 PjTl (0, y) are thus eigenfunctions of action of the 50(2) subgroup of the 
symmetry group while the action of the Z subgroup mixes these eigenfunctions. 
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One can also construct an eigenbasis such that the Z subgroup acts diagonally and SO (2) 
action mixes the basis states. These are essentially obtained by a Fourier transform and are 
defined as, 

tort ■= Z> iB€n A» V£e[0,27r); 

neZ 

V p (k/J,~ 1 )£lp£ = e-^Q^ 

u'wn* = <W (si) 

We conclude that, as in the case of the plane, the degeneracies are also classified by the 
symmetry group, 5*0(2) x Z. We reproduce the same results as seen in the symmetry based 
approach of the previous section. 

In the present approach, we have two arbitrary parameters: p, labeling the gauge equiva- 
lence classes and q, the quasi-periodicity parameter. Only one of them is physically relevant 
as can be seen from the following argument. 

While the energy eigenvalues are independent of p and q, the wave functions are not. 
In particular, for example, \Q P! o\ 2 (9, y) is a Gaussian in y, centred at y = p — qp^ 1 . So p 
and q together, in this particular combination, determine the peak of the Gaussian along 
the y-axis. Since the choice of the origin along the y-axis is arbitrary, we can always choose 
it to coincide with this peak. Equivalently, given a quasi-periodicity parameter q, we can 
always choose the gauge equivalence class labeled by p = qp~ x without any loss of generality. 
Having made this choice, we are left with only the quasi-periodicity parameter q exactly as 
in the previous section. Notice that p — > p + p^ 1 corresponds precisely to q — > q + 1 and q is 
defined modulo integers. The p is thus seen as parameterizing different, unitarily equivalent 
ways of writing the wavefunction UR corresponding to different choices of origin along the 
y-axis. 

Incidentally, by identifying R9 with x and relaxing the identification of 9 = and 9 = 2n, 
reproduces the planar case as expected. 

IV. SUMMARY AND DISCUSSION 

We summarize our results and conclusions in the form of a series of remarks. 
(1) In the symmetry approach, reduction of the continuous translational symmetry group 
to a discrete subgroup is a result of the non-existence of PURs for the full symmetry group 
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of the cylinder. In the Hamiltonian approach, the same result is seen to be a consequence 
of the structure of the group of gauge transformations and the corresponding existence of 
gauge inequivalent potentials. In both approaches, the basic cause of the phenomenon is the 
non-contractible nature of the configuration space. 

(2) It is interesting to note that as h — > and/or R — > oo, the basic translation step, 
yT 1 = jj^ft, goes to zero implying essentially continuous translations being restored. The 
large R limit takes us towards the planar approximation while the vanishing h limit takes us 
to the classical picture where continuous y-translations symmetry should be and is recovered. 
This is understandable in view of the remark (3) in IIII CI The step size is relevant only for 
non-zero magnetic field and the 'free particle' limit is to be understood ab initio as discussed 
in the remark (1) in 1111 CI 

(3) It would be very interesting to experimentally verify the discretization of the transla- 
tion symmetry implied by quantization. Restoring the conventional units (c ~ 3 x 10 10 
cm/sec), the basic translation step selected by the system is a = yT 1 = ~ 
6.6 x 10~ 8 B~ l R~ l centimeters. This is extremely small eg. for R ~ 1 cm and B ~ 1 
gauss, the basic step is only of the order of an angstrom. Needless to say that some very 
clever experimental tricks would be needed to verify the discretization. 

(4) Similar conclusions hold in the case of the torus. The torus group 5*0(2) x SO (2) has 
no non-trivial central extensions. Its subgroups of the form Z m x Z n where m, n are positive 
integers do have central extensions and they are represented unitarily on the state space \^ . 
Intuitively one expects the torus problem to effectively model a finite sample system. Indeed 
in a recent paper [s| discussing the finite geometry problem relevant for the quantum Hall 
effect, this expectation has been corroborated to an extent. One may likewise expect our 
cylinder results to model the problem on a strip. 

(5) To summarize: At the level of a physical prediction, we see that for the cylinder 
Landau electron, there is a spontaneous "crystallization" with lattice spacing along the axial 
direction being determined by the radius and the magnetic field. At the theoretical level, 
an important lesson is that symmetries indicated by the classical magnetic field are not 
necessarily the ones realized quantum mechanically. One needs to pay attention to a com- 
plete gauge invariant specification of the system and then discover the allowed symmetries. 
The symmetry based approach, which is manifestly gauge invariant, automatically gets the 
realizable symmetries directly by using only the general principles of symmetry realization 
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in a quantum framework. 
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